
Two Higgs doublet models with an S3 symmetry

Diego Cogollo and João Paulo Silva

CFTP/UFCG

06/09/2016

Diego Cogollo and João Paulo Silva (CFTP/UFCG)Two Higgs doublet models with an S3 symmetry 06/09/2016 1 / 29



2HD Models

Main feature: Two doublets, Φ1, Φ2 −→ many new parameters are
introduced

They may be reduced by imposing extra symmetries

In the scalar sector (P. M. Ferreira, H. E. Habber and J. P. Silva,
Phys. Rev. D 79, 116004) and (I. P. Ivanov Phy. Rev. D 77,
015017) have done the study

Some attempts have been done to extend this analysis into the
Yukawa sector (P.M. Ferreira and J. P. Silva Phys. Rev. D 83,
065026; Eur. Phys. J. C 69, 45)

But there was not classification of all possible implementation on
non-Abelian symmetries in both sectors
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Our work! Phys. Rev D 93, 095024(2016)

We provide a complete classification of all possible implementations
of S3 in the 2hdm, consistent with:

Non-vanishing quark masses

And a CKM matrix wich is not block diagonal
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S3 symmetry

Consists of all permutations among three objects (X1,X2,X3)

Its order is equal to 3!=6

All of six elements correspond to the following transformations,

e : (x1, x2, x3)→ (x1, x2, x3),

a1 : (x1, x2, x3)→ (x2, x1, x3),

a2 : (x1, x2, x3)→ (x3, x2, x1),

a3 : (x1, x2, x3)→ (x1, x3, x2), (1)

a4 : (x1, x2, x3)→ (x3, x1, x2),

a5 : (x1, x2, x3)→ (x2, x3, x1).

By defining a1 = a, a2 = b, all of elements are written as
{e, a, b, ab, ba, bab}
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S3 symmetry

These elements are classified to three conjugacy classes,

C1 : {e}, C2 : {ab, ba}, C3 : {a, b, bab}. (2)

The number of irreducible representations is equal to number of
conjugacy classes

The irreducible representations of S3 include two singlets 1 and 1′ ,
and a doublet 2

And the matrix form of the elements a and b in the real
representation are:

a =

(
1 0
0 −1

)
, b =

(
−1

2 −
√
3
2√

3
2 −1

2

)
. (3)
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S3 symmetry

And in the complex representation:

aC =

(
0 1
1 0

)
, bC =

(
ω 0
0 ω2

)
, (4)

Where ω = e2iπ/3 (ω3 = 1)

The two representatios are related by:

ac = U.a.U† (5)

Being U:

U =
1√
2

(
1 i
1 −i

)
(6)
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S3 symmetry

The multiplication rules for S3 are:

1⊗ any = any,

1′ ⊗ 1′ = 1,

1′ ⊗ 2 = 2, (7)

2⊗ 2 = 1⊕ 1′ ⊕ 2.

In the real representation, the product of two doublets x = (x1, x2)ᵀ

and y = (y1, y2)ᵀ, gives

(x ⊗ y)1 = x1y1 + x2y2,

(x ⊗ y)1′ = x1y2 − x2y1,

(x ⊗ y)2 = (x2y2 − x1y1, x1y2 + x2y1)ᵀ. (8)

Diego Cogollo and João Paulo Silva (CFTP/UFCG)Two Higgs doublet models with an S3 symmetry 06/09/2016 7 / 29



S3 symmetry

The multiplication rules for S3 are:

1⊗ any = any,

1′ ⊗ 1′ = 1,

1′ ⊗ 2 = 2, (7)

2⊗ 2 = 1⊕ 1′ ⊕ 2.

In the real representation, the product of two doublets x = (x1, x2)ᵀ

and y = (y1, y2)ᵀ, gives

(x ⊗ y)1 = x1y1 + x2y2,

(x ⊗ y)1′ = x1y2 − x2y1,

(x ⊗ y)2 = (x2y2 − x1y1, x1y2 + x2y1)ᵀ. (8)

Diego Cogollo and João Paulo Silva (CFTP/UFCG)Two Higgs doublet models with an S3 symmetry 06/09/2016 7 / 29



S3 symmetry

And the product of the doublet x with the singlet y ′ of 1′ gives

(x ⊗ y ′) = (−x2y ′, x1y ′)ᵀ. (9)

In the complex representation the product of two doublets,
x = (x1, x2)ᵀ and y = (y1, y2)ᵀ, gives

(x ⊗ y)1 = x1y2 + x2y1,

(x ⊗ y)1′ = x1y2 − x2y1,

(x ⊗ y)2 = (x2y2, x1y1)ᵀ. (10)

And the product of the doublet x with the singlet y ′ of 1′ gives

(x ⊗ y ′) = (x1y
′,−x2y ′)ᵀ. (11)
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The Higgs potential

We will denote Φ ∼ (1, 1) when both scalars are in the singlet
representation of S3

In this case we obtain the generic scalar potential of the 2HDM,
which may be written as:

VH = m2
11|Φ1|2 + m2

22|Φ2|2 −m2
12 Φ†1Φ2 − (m2

12)∗Φ†2Φ1

+
λ1
2
|Φ1|4 +

λ2
2
|Φ2|4 + λ3|Φ1|2|Φ2|2 + λ4 (Φ†1Φ2) (Φ†2Φ1)

+

[
λ5
2

(Φ†1Φ2)2 +
(
λ6|Φ1|2 + λ7|Φ2|2

)
(Φ†1Φ2) + h.c.

]
(12)
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If we choose Φ ∼ (1, 1′), we obtain the Z2 symmetric potential:
m2

12 = λ6 = λ7 = 0.

Usually, one includes also the terms in m2
12, which break the

symmetry, but only softly

In this case, if arg(λ5) = 2 arg(m2
12), the phases can be removed (real

2HDM and the scalar sector preserves CP), otherwise the phases
cannot be removed (complex 2HDM (C2HDM) and the scalar sector
violates CP)

In both models with softly broken Z2 symmetry, the conditions for a
bounded from below potential are (N. G. Deshpande and E. Ma,
Phys. Rev. D. 18, 2574)

λ1 > 0, λ2 > 0,
√
λ1λ2 > −λ3,

√
λ1λ2 > |λ5| −λ3−λ4. (13)
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Φ = (ϕ1, ϕ2)ᵀ ∼ 2, real representation

Let us consider two scalars Φ = (ϕ1, ϕ2)ᵀ which transform as a
doublet under the real basis

The relevant combinations of ϕ†i ϕj are

|ϕ2|2 + |ϕ1|2,
ϕ†1ϕ2 − ϕ†2ϕ1,

(|ϕ2|2 − |ϕ1|2, ϕ†1ϕ2 + ϕ†2ϕ1)ᵀ, (14)

Transforming, respectively, as 1, 1′, and 2
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Thus, the most general potential of a doublet of S3, consistent with
the real representation is:

VR = µ
(
|ϕ2|2 + |ϕ1|2

)
+ d1

(
|ϕ2|2 + |ϕ1|2

)2
+ d2

(
ϕ†1ϕ2 − ϕ†2ϕ1

)2
+ d3

[(
|ϕ2|2 − |ϕ1|2

)2
+
(
ϕ†1ϕ2 + ϕ†2ϕ1

)2]
. (15)

This coincides with the generic potential in Eq. (12), subject to the
conditions

m2
11 = m2

22, m2
12 = 0, λ1 = λ2, λ5 = λ1 − λ3 − λ4, (16)

identified in Table I of (P. M. Ferreira, H. E. Habber and J. P. Silva,
Phys. Rev. D 79, 116004) as the CP3 model
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Φ = (ϕ1, ϕ2)ᵀ ∼ 2, complex representation

Remark! If (φ1, φ2)ᵀ ∼ 2, in the complex representation one has

(φ†2, φ
†
1)ᵀ ∼ 2 (E. Ma, arXiv:hep-ph/0409075)

The relevant combinations of φ†i φj are:

|φ2|2 + |φ1|2,
|φ2|2 − |φ1|2,
(φ†1φ2, φ

†
2φ1)ᵀ, (17)

transforming, respectively, as 1, 1′, and 2

Thus, the most general potential of a doublet of S3, consistent with
the complex representation of Eq. (4) is (E. Ma, B. Melic, Phys. Lett.
B 725,402)

VC = µ21
(
|φ2|2 + |φ1|2

)
+ 1

2`1
(
|φ2|2 + |φ1|2

)2
+ 1

2`2
(
|φ2|2 − |φ1|2

)2
+ `3(φ†1φ2)(φ†2φ1). (18)
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This is the same as Eq. (15), through the transformation Φ′ = UΦ,
with µ21 = µ, `1 = 2d1, `2 = −2d2, and `3 = 4d3

The potential obtained coincides with the generic potential in
Eq. (12), subject to the conditions

m2
11 = m2

22, m2
12 = 0, λ1 = λ2, λ5 = 0, (19)

which may seem not to coincide with those in Eq. (16)

However, they are the same conditions, but seen in different basis

(E. Ma, B. Melic, Phys. Lett. B 725,402) also include in the potential
a term which breaks S3 softly, while preserving the φ1 ↔ φ2 symmetry

Vsoft = −µ22(φ†1φ2 + φ†2φ1). (20)

This term is needed since otherwise there would be a massless
pseudoscalar
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We will now consider the potential V = VC + Vsoft

In terms of the new parameters, the bounded from below conditions
in Eq. (13) read

`1 + `2 > 0, `1 > 0, 2`1 + `3 > 0. (21)

Considering the vev (v , v), we obtain the scalar masses:

m2
H± = 2µ22 − 1

2`3v
2,

m2
A = 2µ22,

m2
h = 1

2(2`1 + `3)v2,

m2
H = 2µ22 + 1

2(2`2 − `3)v2, (22)

for the charged scalars (H±), the pseudoscalar (A), the light (h) and
the heavy (H) CP even scalars, respectively

Diego Cogollo and João Paulo Silva (CFTP/UFCG)Two Higgs doublet models with an S3 symmetry 06/09/2016 15 / 29



We will now consider the potential V = VC + Vsoft

In terms of the new parameters, the bounded from below conditions
in Eq. (13) read

`1 + `2 > 0, `1 > 0, 2`1 + `3 > 0. (21)

Considering the vev (v , v), we obtain the scalar masses:

m2
H± = 2µ22 − 1

2`3v
2,

m2
A = 2µ22,

m2
h = 1

2(2`1 + `3)v2,

m2
H = 2µ22 + 1

2(2`2 − `3)v2, (22)

for the charged scalars (H±), the pseudoscalar (A), the light (h) and
the heavy (H) CP even scalars, respectively

Diego Cogollo and João Paulo Silva (CFTP/UFCG)Two Higgs doublet models with an S3 symmetry 06/09/2016 15 / 29



We will now consider the potential V = VC + Vsoft

In terms of the new parameters, the bounded from below conditions
in Eq. (13) read

`1 + `2 > 0, `1 > 0, 2`1 + `3 > 0. (21)

Considering the vev (v , v), we obtain the scalar masses:

m2
H± = 2µ22 − 1

2`3v
2,

m2
A = 2µ22,

m2
h = 1

2(2`1 + `3)v2,

m2
H = 2µ22 + 1

2(2`2 − `3)v2, (22)

for the charged scalars (H±), the pseudoscalar (A), the light (h) and
the heavy (H) CP even scalars, respectively

Diego Cogollo and João Paulo Silva (CFTP/UFCG)Two Higgs doublet models with an S3 symmetry 06/09/2016 15 / 29



We consider also the vev (v1, v2) (what is really meant is
〈φ0k〉 = vk/

√
2)

The charged scalar and pseudoscalar masses become

m2
H± = −`2v2, (23)

m2
A = −1

2(2`2 − `3)v2, (24)

while the CP even scalar mass matrix is

Mn =

(
`1v

2
1 + 1

2`3v
2
2 + `2(v21 − v22 ) 1

2(2`1 + `3)v1v2
1
2(2`1 + `3)v1v2 `1v

2
2 + 1

2`3v
2
1 − `2(v21 − v22 )

)
.

(25)
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Its trace and determinant are

m2
h + m2

H = Tr (Mn) = 1
2(2`1 + `3)v2 (26)

m2
h m

2
H = Det (Mn) = −1

2(`1 + `2)(2`2 − `3)(v21 − v22 )2. (27)

The diagonalization of Mn is performed through the transformation(
Reφ01
Reφ02

)
=

(
ρ1

ρ2

)
=

(
cosα − sinα

sinα cosα

) (
H

h

)
. (28)

We find:

tan (2α) =
2`1 + `3

2`1 + 4`2 − `3
2v1v2
v21 − v22

=
m2

h + m2
H

m2
h + m2

H − 2m2
A

tan (2β).

(29)
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S3 potential with the most general real soft violations of S3

V = µ21
(
|φ2|2 + |φ1|2

)
− µ22(φ†1φ2 + φ†2φ1)− µ23

(
|φ2|2 − |φ1|2

)
+

1
2`1
(
|φ2|2 + |φ1|2

)2
+ 1

2`2
(
|φ2|2 − |φ1|2

)2
+ `3(φ†1φ2)(φ†2φ1).

(30)

Repeating the previous steps, we find

m2
H± = −`2v2 − 2µ23 sec (2β), (31)

m2
A = −1

2

[
(2`2 − `3)v2 + 4µ23 sec (2β)

]
, (32)

T ≡ m2
h + m2

H = 1
2

[
(2`1 + `3)v2 − 4µ23 sec (2β)

]
, (33)

D ≡ m2
h m

2
H = −v2

2
[(2`2 − `3) cos (2β)((`1 + `2)v2 cos (2β) +

2µ23) + 2(2`1 + `3)µ23 sec (2β)] (34)
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Finally we obtain the following relation among µ3, β, andα

D

c22β
= m2

A(T −m2
A) +

T 2

4
t22β −

(
T

2
−m2

A

)2

t22α. (35)

Even in the exact alignment limit (β = α + π/2), this reduces to
m2

A(T −m2
A) = D which has two solutions:

m2
A = m2

h; and the definitely allowed m2
A = m2

H , consistent with the
decoupling limit
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Yukawa couplings, complex representation

General form:

−LY = q̄L(Γ1Φ1 + Γ2Φ2)nR + q̄L(∆1Φ̃1 + ∆2Φ̃2)pR + h.c., (36)

The complex 3× 3 matrices Γ1, Γ2, ∆1, and ∆2 contain the Yukawa
couplings. In general, these matrices are not diagonal

The mass matrices are diagonalized through the transformations:

diag(md ,ms ,mb) = Dd =
1√
2
U†dL [v1 Γ1 + v2Γ2]UdR ,

diag(mu,mc ,mt) = Du =
1√
2
U†uL [v1 ∆1 + v2∆2]UuR , (37)

Where V = U†uLUdL is the CKM matrix
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Now we define:

Yd = v1 Γ1 + v2Γ2, Yu = v1 ∆1 + v2∆2, (38)

and the hermitian matrices

Hd = YdY
†
d = UdL diag(m2

d ,m
2
s ,m

2
b)U†dL ,

Hu = YuY
†
u = UuL diag(m2

u,m
2
c ,m

2
t )U†uL . (39)

For CP violation, we used

J = Det(HdHu − HuHd) (40)
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Example 1: Φ in singlet; fermions in doublets

Let us consider the possibility

Φ ∼ (1, 1′), q̄L ∼ (2, 1), nR ∼ (2, 1), pR ∼ (2, 1). (41)

The product of left and right handed quarks must also be in a singlet,
because Φ is a singlet

The product of two doublets q̄LnR in 2⊗ 2 is(
q̄L1
q̄L2

)
⊗
(

nR1

nR2

)∣∣∣∣
1,1′

= q̄L1nR2 ± q̄L2nR1. (42)

Thus, the products with the scalars into a singlet are

Φ1 (q̄L1nR2 + q̄L2nR1) , (43)

Φ2 (q̄L1nR2 − q̄L2nR1) . (44)
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because Φ is a singlet

The product of two doublets q̄LnR in 2⊗ 2 is(
q̄L1
q̄L2

)
⊗
(

nR1

nR2

)∣∣∣∣
1,1′

= q̄L1nR2 ± q̄L2nR1. (42)

Thus, the products with the scalars into a singlet are

Φ1 (q̄L1nR2 + q̄L2nR1) , (43)

Φ2 (q̄L1nR2 − q̄L2nR1) . (44)
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The remaining non vanishing term comes from

Φ1q̄L3nR3. (45)

Multiplying Eqs. (43), (44), and (45) by complex coefficients a, b,
and c , respectively, we find

Yd =

 0 av1 + bv2 0
av1 − bv2 0 0

0 0 cv1

 (46)

The same structure is found for Yu

The Vckm is diagonal, in contradiction with the experiment

Thus, these S3 assignments cannot be used for the quarks
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Example 2: doublets in all sectors

We now turn to

Φ ∼ 2, q̄L ∼ (2, 1), nR ∼ (2, 1), pR ∼ (2, 1). (47)

Using q̄L in the doublet, the product of two doublets q̄LnR in 2⊗ 2 is(
q̄L1
q̄L2

)
⊗
(

nR1

nR2

)∣∣∣∣
2

=

(
q̄L2nR2

q̄L1nR1

)
. (48)

The product with the scalar doublet into a singlet is(
Φ1

Φ2

)
⊗
(

q̄L2 nR2

q̄L1 nR1

)∣∣∣∣
1

= Φ1q̄L1nR1 + Φ2q̄L2nR2, (49)
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For a nR3 in a singlet, we find(
Φ1

Φ2

)
⊗
(

q̄L1
q̄L2

)∣∣∣∣
1

⊗ nR3 = Φ1q̄L2nR3 + Φ2q̄L1nR3. (50)

Finally, for a q̄L3 in a singlet, we find

q̄L3 ⊗
(

Φ1

Φ2

)
⊗
(

nR1

nR2

)∣∣∣∣
1

= Φ1q̄L3nR2 + Φ2q̄L3nR1. (51)

Multiplying Eqs. (49), (50), and (51) by complex coefficients a, b,
and c , respectively, we find

Yd =

 av1 0 bv2
0 av2 bv1
cv2 cv1 0

 . (52)
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For the up quarks (Φ1,Φ2)ᵀ gets substituted by (Φ̃2, Φ̃1)ᵀ

Corresponding to a v1 ↔ v∗2 change.

Yu =

 xv∗2 0 yv∗1
0 xv∗1 yv∗2
zv∗1 zv∗2 0

 , (53)

We have used Eqs. (39) to check that we can generate all masses
different and nonzero

And Eq. (40) to show that we can generate a nonzero CP violating
phase

We note that J 6= 0 even if one takes the vevs to be real

Implying that this model does not coincide with the CP3 model with
quarks presented in Ref (P.M. Ferreira and J. P. Silva, Eur. Phys. J.
C 69, 45) where a complex vev was needed in order to get a
non-vanishing J.
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Example 3: singlet only on right-handed sectors

Let us consider

Φ ∼ 2, q̄L ∼ (2, 1), nR ∼ s, pR ∼ (2, 1). (54)

Since q̄L3 and all nR are in a singlet, the last line of the matrix Yd

vanishes

This implies that the matrix Hd only has non-vanishing entries in the
(1, 2) sector,leading to a massless down quark

Similarly

Φ ∼ 2, q̄L ∼ (2, 1), nR ∼ (2, 1), pR ∼ s, (55)

leads to a massless up quark

A combination of both problems occurs in

Φ ∼ 2, q̄L ∼ (2, 1), nR ∼ s, pR ∼ s, (56)
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Example 4: singlet only on left-handed sector

The last case to be considered is

Φ ∼ 2, q̄L ∼ s, nR ∼ (2, 1), pR ∼ (2, 1). (57)

Because Φ is in a doublet, the product of fermions (left and right)
must also be in a doublet

Since all q̄L and nR3 are in a singlet, the last column of the matrix Yd

vanishes

Leading to a massless down quark

Thus, examples 3 and 4 are ruled out
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Conclusions

There are only two implementations consistent with the experimental
requirements (non-vanishing, non-degenerate masses, non-block
diagonal CKM matrix and the presence of a CP violating phase)

All fields are in singlets or, else, all fields sectors have a doublet
representation

Even in the most general real soft-breaking term, there is a relation
between α and β, shown in Eq. (35). As far as we know, this is a new
result.
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