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• 3 fermion families, 3 scalar doublets? 

• Perhaps “natural” dark matter? 

• Spontaneous CP violation? 

• Impose S3 discrete symmetry 

• Rich phenomenology

Consider 3 SU(2) doublets



• General potential has 46 parameters 

• Most general S3 symmetric potential has 10 

• More predictive! 

• Symmetries help to control FCNC 

• Symmetry may help stabilise Dark Matter

Arguments for S3 symmetry



• Pakvasa and Sugavara, 1978 

• Derman, 1979 

• Kubo, Okada, Sakamaki, 2004 

• Das and Dey, 2014 

• + many others
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S3 decomposition

S3 can be decomposed

a singlet and a doublet (with respect to S3)
a pseudosinglet and a doublet (with respect to S3)

These two choices are very similar



Two “Frameworks”

May work with the 

There is a linear map from one framework to the other

• reducible representation (Derman) or the

• irreducible representations (Pakvasa & Sugawara, 
Das & Dey)



Reducible representation

Three SU(2)⇥ U(1)-symmetric doublets

Consider S3 symmetric potential
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Note that irreducible representation 
chooses a particular “direction” among

Not unique — convention
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In the irreducible-rep framework
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or, in the reducible-rep framework

leads to a continuous SO(2) symmetry

Massless states, when vevs break it!

the case SPECIAL

(which (to Derman) did not look “natural”)



At this stage, the two frameworks are 
equivalent
However, introducing Yukawa 
couplings, for example, in terms of

or

they would in general be different

Three SU(2)⇥ U(1)-symmetric doublets

Consider S3 symmetric potential
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The vevs are related
w1 =

1p
2

(⇢1 � ⇢2)

w2 =
1p
6

(⇢1 + ⇢2 � 2⇢3)
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1p
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p
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3
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notation!!??
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1p
3

wS �
p
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notation!!??
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Summary of representations

Reducible representation (Derman):

Irreducible representation (Pakvasa & Sugawara, Das & Dey):

Symmetry under permutation of 3 objects

�i, �
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2 “frameworks”
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Vacua—a classification
Derivatives of potential wrt (complex) fields must vanish

Three complex derivatives = 0 or

Five real derivatives (3 moduli, 2 relative phases) = 0

The minimisation conditions must be consistent.
This is an important constraint on the potential.

May work in either framework

But a particular vacuum may look simpler in one framework 
than in the other.



Vacua—a classification
Derivatives of potential wrt (complex) fields must vanish

Three complex derivatives = 0 or

Five real derivatives (3 moduli, 2 relative phases) = 0

Note: Alternative classification given by Ivanov and Nishi,
1410.6139, JHEP

Symmetries of 3HDM vacua



Our approach
The 5 minimisation equations give 5 constraints 
on 10 potential parameters — 
for a given vacuum configuration

Symmetry under permutation of 3 objects

�1, �2, �3
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w1, w2, wS

(w1, w2, wS) ⌘ (ŵ1e
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real (convention)

Are the 5 equations independent?
Are they consistent?

Irreducible framework.



5 equations
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2
1 + ŵ2
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2) + �2ŵ
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2
1ŵ
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These derivatives do not depend on �5 and �6 separately, only on the sum, �5 + �6.

Likewise, no dependence on �1, �2 and �3 separately, only on two combinations orthogonal

to �1 + �2 � 2�3 = 0. 8 relevant parameters



5 equations
a11P1 + a12P2 + a13P3 + a14P4 + a15P5 = b1,

a21P1 + a22P2 + a23P3 + a24P4 + a25P5 = b2,

a31P1 + a32P2 + a33P3 + a34P4 + a35P5 = b3,

a41P1 + a42P2 + a43P3 + a44P4 + a45P5 = b4,

a51P1 + a52P2 + a53P3 + a54P4 + a55P5 = b5,

2

Are the 5 equations independent? Study determinant!

Are they consistent?

a11P1 + a12P2 + a13P3 + a14P4 + a15P5 = b1,

a21P1 + a22P2 + a23P3 + a24P4 + a25P5 = b2,

a31P1 + a32P2 + a33P3 + a34P4 + a35P5 = b3,

a41P1 + a42P2 + a43P3 + a44P4 + a45P5 = b4,

a51P1 + a52P2 + a53P3 + a54P4 + a55P5 = b5,

The Pi denote di↵erent parameters of the potential.

Not all of the possible

�
8
5

�
= 56 combinations will lead to five independent equations.

These five equations define five hyperplanes in the parameter space.
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Not all of the possible

�
8
5

�
= 56 combinations will lead to five independent equations.

These five equations define five hyperplanes in the parameter space.

2

a11P1 + a12P2 + a13P3 + a14P4 + a15P5 = b1,

a21P1 + a22P2 + a23P3 + a24P4 + a25P5 = b2,

a31P1 + a32P2 + a33P3 + a34P4 + a35P5 = b3,

a41P1 + a42P2 + a43P3 + a44P4 + a45P5 = b4,

a51P1 + a52P2 + a53P3 + a54P4 + a55P5 = b5,

The Pi denote di↵erent parameters of the potential.

Not all of the possible

�
8
5

�
= 56 combinations will lead to five independent equations.

These five equations define five hyperplanes in the parameter space.

2



11 real vacua

The di↵erent solutions can be summarised as given in Table 1, where the descriptions
in terms of both the reducible- and irreducible-representation frameworks are given. For
the purpose of making this table as well as the corresponding one for complex vacua more
compact, we introduce the abbreviations

�a = �
5

+ �
6

+ 2�
7

, (4.5a)

�b = �
5

+ �
6

� 2�
7

. (4.5b)

Table 1: Possible real vacua (partly after Derman and Tsao [21]). The classification of
vacua uses the notation R-X-y, where R means that the vacuum is real. The roman
numeral X is the number of constraints on the parameters of the potential that arise from
solving the stationary-point equations. The letter y is used for distinguishing di↵erent
vev’s that have the same X, and �a is defined in Eq. (4.5).

Vacuum ⇢
1

, ⇢
2

, ⇢
3

w
1

, w
2

, wS Comment

R-0 0, 0, 0 0, 0, 0 Not interesting

R-I-1 x, x, x 0, 0, wS µ2

0

= ��
8

w2

S

R-I-2a x,�x, 0 w, 0, 0 µ2

1

= � (�
1

+ �
3

)w2

1

R-I-2b x, 0,�x w,
p
3w, 0 µ2

1

= �4

3

(�
1

+ �
3

)w2

2

R-I-2c 0, x,�x w,�
p
3w, 0 µ2

1

= �4

3

(�
1

+ �
3

)w2

2

R-II-1a x, x, y 0, w, wS µ2

0

= 1

2

�
4

w3
2

wS
� 1

2

�aw
2

2

� �
8

w2

S,
µ2

1

= � (�
1

+ �
3

)w2

2

+ 3

2

�
4

w
2

wS � 1

2

�aw
2

S

R-II-1b x, y, x w,�w/
p
3, wS µ2

0

= �4�
4

w3
2

wS
� 2�aw

2

2

� �
8

w2

S,
µ2

1

= �4 (�
1

+ �
3

)w2

2

� 3�
4

w
2

wS � 1

2

�aw
2

S

R-II-1c y, x, x w,w/
p
3, wS µ2

0

= �4�
4

w3
2

wS
� 2�aw

2

2

� �
8

w2

S,
µ2

1

= �4 (�
1

+ �
3

)w2

2

� 3�
4

w
2

wS � 1

2

�aw
2

S

R-II-2 x, x,�2x 0, w, 0 µ2

1

= � (�
1
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3

)w2

2

, �
4

= 0
R-II-3 x, y,�x� y w

1

, w
2

, 0 µ2

1

= � (�
1

+ �
3

) (w2

1

+ w2

2

),�
4

= 0

R-III ⇢
1

, ⇢
2

, ⇢
3

w
1

, w
2

, wS µ2

0

= �1

2

�a(w2

1

+ w2

2

)� �
8

w2

S,
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1

= � (�
1

+ �
3

) (w2

1

+ w2

2

)� 1

2

�aw
2

S,
�
4

= 0

One should note that

• Vacuum R-I-1 is a special case of Vacuum R-II-1. In this case, the vacuum value x
is determined by

�� � = x2[A+ C + C +D + 2E
1

+ E
2

+ E
3

+ E
4

]. (4.6)

• For Vacuum R-I-1, in the irreducible framework, we have

µ2

0

= �w2

S�8

, (4.7)

which corresponds to Eq. (4.6), with w2

S = 3x2.
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16 complex vacua

Splitting this equation into real and imaginary parts, we find

(�
2

+ �
3

)(ŵ
1

� ŵ
2

){1� cos[2(�
1

� �
2

)]} = 0, and (5.4a)

(�
2

+ �
3

) sin[2(�
1

� �
2

)] = 0. (5.4b)

The solutions are

�
2

+ �
3

= 0, or (5.5a)

�
2

= �
1

± n⇡, n integer. (5.5b)

Table 2: Complex vacua. Notation: ✏ = 1 and �1 for C-III-d and C-III-e, respectively;
⇠ =

p
�3 sin 2⇢

1

/ sin 2⇢
2

,  =
p

[3 + 3 cos(⇢
2

� 2⇢
1

)]/(2 cos ⇢
2

). With the constraints of
Table 4 the vacua labelled with an asterisk (⇤) are in fact real.

IRF (Irreducible Rep.) RRF (Reducible Rep.)
w

1

, w
2

, wS ⇢
1

, ⇢
2

, ⇢
3

C-I-a ŵ
1

,±iŵ
1

, 0 x, xe±
2⇡i
3 , xe⌥

2⇡i
3

C-III-a 0, ŵ
2

ei�2 , ŵS y, y, xei⌧

C-III-b ±iŵ
1

, 0, ŵS x+ iy, x� iy, x
C-III-c ŵ

1

ei�1 , ŵ
2

ei�2 , 0 xei⇢ � y
2

,�xei⇢ � y
2

, y
C-III-d,e ±iŵ

1

, ✏ŵ
2

, ŵS xei⌧ , xe�i⌧ , y
C-III-f ±iŵ

1

, iŵ
2

, ŵS rei⇢ ± ix, rei⇢ ⌥ ix, 3
2

re�i⇢ � 1

2

rei⇢

C-III-g ±iŵ
1

,�iŵ
2

, ŵS re�i⇢ ± ix, re�i⇢ ⌥ ix, 3
2

rei⇢ � 1

2

re�i⇢

C-III-h
p
3ŵ

2

ei�2 ,±ŵ
2

ei�2 , ŵS xei⌧ , y, y
y, xei⌧ , y

C-III-i
q

3(1+tan

2 �1)

1+9 tan

2 �1
ŵ

2

ei�1 , x, yei⌧ , ye�i⌧

±ŵ
2

e�i arctan(3 tan�1), ŵS yei⌧ , x, ye�i⌧

C-IV-a⇤ ŵ
1

ei�1 , 0, ŵS rei⇢ + x,�rei⇢ + x, x
C-IV-b ŵ

1

,±iŵ
2

, ŵS rei⇢ + x,�re�i⇢ + x,�rei⇢ + re�i⇢ + x

C-IV-c
p
1 + 2 cos2 �

2

ŵ
2

, rei⇢ + r
p
3(1 + 2 cos2 ⇢) + x,

ŵ
2

ei�2 , ŵS rei⇢ � r
p
3(1 + 2 cos2 ⇢) + x,�2rei⇢ + x

C-IV-d⇤ ŵ
1

ei�1 ,±ŵ
2

ei�1 , ŵS r
1

ei⇢ + x, (r
2

� r
1

)ei⇢ + x,�r
2

ei⇢ + x

C-IV-e
q
� sin 2�2

sin 2�1
ŵ

2

ei�1 , rei⇢2 + rei⇢1⇠ + x, rei⇢2 � rei⇢1⇠ + x,

ŵ
2

ei�2 , ŵS �2rei⇢2 + x

C-IV-f
q
2 + cos(�1�2�2)

cos�1
ŵ

2

ei�1 , rei⇢1 + rei⇢2 + x,

ŵ
2

ei�2 , ŵS rei⇢1 � rei⇢2 + x,�2rei⇢1 + x

C-V⇤ ŵ
1

ei�1 , ŵ
2

ei�2 , ŵS xei⌧1 , yei⌧2 , z

Likewise, the condition �
4

= 0 must be supplemented by

(�
2

+ �
3

)ei(�1+�2)[ŵ2

1

(1� e2i(�1��2)) + ŵ2

2

(e�2i(�1��2) � 1)]

+ �
7

w2

S(e
�i(�1��2) � ei(�1��2)) = 0. (5.6)

13

Notation:

a11P1 + a12P2 + a13P3 + a14P4 + a15P5 = b1,

a21P1 + a22P2 + a23P3 + a24P4 + a25P5 = b2,

a31P1 + a32P2 + a33P3 + a34P4 + a35P5 = b3,

a41P1 + a42P2 + a43P3 + a44P4 + a45P5 = b4,

a51P1 + a52P2 + a53P3 + a54P4 + a55P5 = b5,

The Pi denote di↵erent parameters of the potential.

Not all of the possible

�
8
5

�
= 56 combinations will lead to five independent equations.

These five equations define five hyperplanes in the parameter space.

C-III-c

2

Complex 3 independent constraints



16 complex vacua

Splitting this equation into real and imaginary parts, we find

(�
2

+ �
3

)(ŵ
1

� ŵ
2

){1� cos[2(�
1

� �
2

)]} = 0, and (5.4a)

(�
2

+ �
3

) sin[2(�
1

� �
2

)] = 0. (5.4b)

The solutions are

�
2

+ �
3

= 0, or (5.5a)

�
2

= �
1

± n⇡, n integer. (5.5b)

Table 2: Complex vacua. Notation: ✏ = 1 and �1 for C-III-d and C-III-e, respectively;
⇠ =

p
�3 sin 2⇢

1

/ sin 2⇢
2

,  =
p

[3 + 3 cos(⇢
2

� 2⇢
1

)]/(2 cos ⇢
2

). With the constraints of
Table 4 the vacua labelled with an asterisk (⇤) are in fact real.

IRF (Irreducible Rep.) RRF (Reducible Rep.)
w

1

, w
2

, wS ⇢
1

, ⇢
2

, ⇢
3

C-I-a ŵ
1

,±iŵ
1

, 0 x, xe±
2⇡i
3 , xe⌥

2⇡i
3

C-III-a 0, ŵ
2

ei�2 , ŵS y, y, xei⌧

C-III-b ±iŵ
1

, 0, ŵS x+ iy, x� iy, x
C-III-c ŵ

1

ei�1 , ŵ
2

ei�2 , 0 xei⇢ � y
2

,�xei⇢ � y
2

, y
C-III-d,e ±iŵ

1

, ✏ŵ
2

, ŵS xei⌧ , xe�i⌧ , y
C-III-f ±iŵ

1

, iŵ
2

, ŵS rei⇢ ± ix, rei⇢ ⌥ ix, 3
2

re�i⇢ � 1

2

rei⇢

C-III-g ±iŵ
1

,�iŵ
2

, ŵS re�i⇢ ± ix, re�i⇢ ⌥ ix, 3
2

rei⇢ � 1

2

re�i⇢

C-III-h
p
3ŵ

2

ei�2 ,±ŵ
2

ei�2 , ŵS xei⌧ , y, y
y, xei⌧ , y

C-III-i
q

3(1+tan

2 �1)

1+9 tan

2 �1
ŵ

2

ei�1 , x, yei⌧ , ye�i⌧

±ŵ
2

e�i arctan(3 tan�1), ŵS yei⌧ , x, ye�i⌧

C-IV-a⇤ ŵ
1

ei�1 , 0, ŵS rei⇢ + x,�rei⇢ + x, x
C-IV-b ŵ

1

,±iŵ
2

, ŵS rei⇢ + x,�re�i⇢ + x,�rei⇢ + re�i⇢ + x

C-IV-c
p
1 + 2 cos2 �

2

ŵ
2

, rei⇢ + r
p
3(1 + 2 cos2 ⇢) + x,

ŵ
2

ei�2 , ŵS rei⇢ � r
p
3(1 + 2 cos2 ⇢) + x,�2rei⇢ + x

C-IV-d⇤ ŵ
1

ei�1 ,±ŵ
2

ei�1 , ŵS r
1

ei⇢ + x, (r
2

� r
1

)ei⇢ + x,�r
2

ei⇢ + x

C-IV-e
q
� sin 2�2

sin 2�1
ŵ

2

ei�1 , rei⇢2 + rei⇢1⇠ + x, rei⇢2 � rei⇢1⇠ + x,

ŵ
2

ei�2 , ŵS �2rei⇢2 + x

C-IV-f
q
2 + cos(�1�2�2)

cos�1
ŵ

2

ei�1 , rei⇢1 + rei⇢2 + x,

ŵ
2

ei�2 , ŵS rei⇢1 � rei⇢2 + x,�2rei⇢1 + x

C-V⇤ ŵ
1

ei�1 , ŵ
2

ei�2 , ŵS xei⌧1 , yei⌧2 , z

Likewise, the condition �
4

= 0 must be supplemented by

(�
2

+ �
3

)ei(�1+�2)[ŵ2

1

(1� e2i(�1��2)) + ŵ2

2

(e�2i(�1��2) � 1)]

+ �
7

w2

S(e
�i(�1��2) � ei(�1��2)) = 0. (5.6)
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a11P1 + a12P2 + a13P3 + a14P4 + a15P5 = b1,

a21P1 + a22P2 + a23P3 + a24P4 + a25P5 = b2,

a31P1 + a32P2 + a33P3 + a34P4 + a35P5 = b3,

a41P1 + a42P2 + a43P3 + a44P4 + a45P5 = b4,

a51P1 + a52P2 + a53P3 + a54P4 + a55P5 = b5,

The Pi denote di↵erent parameters of the potential.

Not all of the possible

�
8
5

�
= 56 combinations will lead to five independent equations.

These five equations define five hyperplanes in the parameter space.

C-III-c

C-I-a (⇢1, ⇢2, ⇢3) = x(1, e

2i⇡/3
, e

�2i⇡/3
) ) wS = 0

C-I-x (⇢1, ⇢2, ⇢3) = x(1, e

i⌧
, e

i⌧
) ) w1 =

p
3w2

C-I-a1 (⇢1, ⇢2, ⇢3) = x(e

�i⌧
, 1, 1) ) w1 =

p
3w2

C-I-a2 (⇢1, ⇢2, ⇢3) = x(1, e

�i⌧
, 1) ) w1 = �

p
3w2

C-I-a3 (⇢1, ⇢2, ⇢3) = x(1, 1, e

�i⌧
) ) w1 = 0

C-II-a (⇢1, ⇢2, ⇢3) = ⇢̂, ⇢̂, ⇢̂

0
e

i⌧ ) w1 = 0

C-II-b (⇢1, ⇢2, ⇢3) = ⇢̂, ⇢̂

0
e

i⌧
, ⇢̂ ) w1 = �

p
3w2

C-II-c (⇢1, ⇢2, ⇢3) = ⇢̂

0
e

i⌧
, ⇢̂, ⇢̂ ) w1 =

p
3w2

C-III (⇢1, ⇢2, ⇢3) = ⇢̂1, ⇢̂2e
i⌧2
, ⇢̂3e

i⌧3 ) w1, w2, wS

(w1, w2, wS) ⌘ (ŵe

i�
, ŵe

�i�
, ŵS) (2)

(w1, w2, wS) ⌘ (ŵe

i�
, ŵe

i�
, ŵS) (3)

⇤

2

C-IV-a, C-IV-d, C-V: 
When constraints are imposed,  
the vacuum turns out to be real!



16 complex vacua
Table 3: Constraints on complex vacua. Notation: ✏ = 1 and �1 for C-III-d and C-III-e,
respectively. Where two possible signs (± or ⌥) are given, they correspond to those of
Table 2. Here, �b is defined in Eq. (4.5).

Vacuum Constraints

C-I-a µ2

1

= �2 (�
1

� �
2

) ŵ2

1

C-III-a µ2

0

= �1

2

�bŵ
2

2

� �
8

ŵ2

S,
µ2

1

= � (�
1

+ �
3

) ŵ2

2

� 1

2

(�b � 8 cos2 �
2

�
7

) ŵ2

S,
�
4

= 4 cos�2ŵS
ŵ2

�
7

C-III-b µ2

0

= �1

2

�bŵ
2

1

� �
8

ŵ2

S,
µ2

1

= � (�
1

+ �
3

) ŵ2

1

� 1

2

�bŵ
2

S,
�
4

= 0
C-III-c µ2

1

= �(�
1

+ �
3

)(ŵ2

1

+ ŵ2

2

),
�
2

+ �
3

= 0,�
4

= 0

C-III-d,e µ2

0

= (�
2

+ �
3

) (ŵ2
1�ŵ2

2)
2

ŵ2
S

� ✏�
4

(ŵ2
1�ŵ2

2)(ŵ
2
1�3ŵ2

2)

4ŵ2ŵS

�1

2

(�
5

+ �
6

) (ŵ2

1

+ ŵ2

2

)� �
8

ŵ2

S,

µ2

1

= � (�
1

� �
2

) (ŵ2

1

+ ŵ2

2

)� ✏�
4

ŵS(ŵ2
1�ŵ2

2)

4ŵ2
� 1

2

(�
5

+ �
6

) ŵ2

S,

�
7

= ŵ2
1�ŵ2

2

ŵ2
S

(�
2

+ �
3

)� ✏
(ŵ2

1�5ŵ2
2)

4ŵ2ŵS
�
4

C-III-f,g µ2

0

= �1

2

�b (ŵ2

1

+ ŵ2

2

)� �
8

ŵ2

S,
µ2

1

= � (�
1

+ �
3

) (ŵ2

1

+ ŵ2

2

)� 1

2

�bŵ
2

S,�4

= 0
C-III-h µ2

0

= �2�bŵ
2

2

� �
8

ŵ2

S,
µ2

1

= �4 (�
1

+ �
3

) ŵ2

2

� 1

2

(�b � 8 cos2 �
2

�
7

) ŵ2

S,
�
4

= ⌥2 cos�2ŵS
ŵ2

�
7

C-III-i µ2

0

=
16(1�3 tan

2 �1)2
(1+9 tan

2 �1)
2 (�

2

+ �
3

) ŵ
4
2

ŵ2
S
± 6(1�tan

2 �1)(1�3 tan

2 �1)

(1+9 tan

2 �1)
3
2

�
4

ŵ3
2

ŵS

�2(1+3 tan

2 �1)

1+9 tan

2 �1
(�

5

+ �
6

)ŵ2

2

� �
8

ŵ2

S,

µ2

1

= �4(1+3 tan

2 �1)

1+9 tan

2 �1
(�

1

� �
2

)ŵ2

2

⌥ (1�3 tan

2 �1)
2

p
1+9 tan

2 �1

�
4

ŵ
2

ŵS

�1

2

(�
5

+ �
6

)ŵ2

S,

�
7

= �4(1�3 tan

2 �1)ŵ2
2

(1+9 tan

2 �1)ŵ2
S
(�

2

+ �
3

)⌥ (5�3 tan

2 �1)ŵ2

2

p
1+9 tan

2 �1ŵS

�
4

h
2

would allow to remove the phase of �
7

, rendering all coe�cients of the potential real.
Another way of achieving the same result would be by rephasing hS alone. Neither of
these transformations alters the specifications of the vacuum corresponding to this case.

Cases C-IV-a, C-IV-d and C-V are listed in Table 2 for completeness and to allow
for an enlightening discussion. Once one takes into consideration the constraints given in
Table 4 they become real.

Solution C-IV-d is more general than solution C-IV-a and reduces to C-IV-a once we
fix w

2

= 0, so it su�ces to discuss C-IV-d. Both of these require �
4

= 0 and �
7

= 0,
and as a result the potential acquires symmetry for the transformation of h

1

, h
2

and hS

under a unitary transformation of the form U = diag(ei⌧ , ei⌧ , 1) which allows to remove
the phase �

1

from the vacuum, making it real.
At first glance case C-V looks like the most general case, however we are assuming
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Philosophy

Note that we do not consider the potential parameters 
“God given”, but rather specify the desired form of the 
vacuum (“designer vacuum”) and then ask:

Which choice of potential parameters can produce this 
vacuum?

Of special interest:

• Complex vacuum (Spontaneous CP violation?) 

• Vacuum with zero vevs (DM candidate)



Table 5: Transitions from complex to real vacua in the IRF. The vacua labelled with an
asterisk (⇤) were shown to be real.

Complex Real “origin”

C-I-a none

C-III-a R-II-1a
C-III-b none
C-III-c R-I-2a,2b,2c, R-II-3
C-III-d,e none
C-III-f none
C-III-g none
C-III-h R-II-1b,1c
C-III-i R-II-1b,1c

C-IV-a⇤ R-III
C-IV-b none
C-IV-c R-II-1b,1c
C-IV-d⇤ R-III
C-IV-e none
C-IV-f R-II-1b,1c

C-V⇤ R-III

We list in Table 5 the real vacua satisfying these two requirements.
In the following subsection, we study a particular example, how a complex vacuum is

related to a real one.

6.1 Transition from Vacua R-II-1b,1c to Vacuum C-III-h

An important di↵erence between the constraints of the vacua R-II-1b,1c and C-III-h is that
in the former case, the potential parameters �

4

and �
7

are free, i.e., they are uncorrelated.
For the vacuum C-III-h, on the other hand, they are correlated as (see Table 3)

�
4

= ⌥2 cos�
2

ŵS

ŵ
2

�
7

. (6.2)

Modulo positivity and other physical constraints, the whole �
4

–�
7

-plane is available for
the real vacuua R-II-1b,1c, whereas only the lines defined by Eq. (6.2) are available for
an “extension” to a complex vacuum C-III-h. This holds even for infinitesimal phases,
i.e., cos ⌧

2

! ±1.
The following question arises: Under what conditions is the complex vacuum deeper?

It turns out that the di↵erence can be expressed as being proportional to �
4

or �
7

:

�V ⌘ V (R-II-1b,1c)� V (C-III-h) = �4�
7

ŵ2

2

ŵ2

S(1⌥ cos �
2

)2. (6.3)

3Vacuum C-I-a is of course a special case of this one, with ⌧ = 2⇡/3.
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Some complex vacua are related to a real vacuum, as a 
“generalization” (but note more constraints)



• Complex vevs are no guarantee for SCPV

• The symmetry of the Lagrangian could 
“hide” the complex conjugation

Example:

C-II-a (w1, w2, wS) = (0, ŵe

i�
, ŵS) ) (⇢, ⇢, ⇢

0
)

C-II-b (w1, w2, wS) = (ŵe

i�
,�ŵe

i�
/

p
3, ŵS) ) (⇢, ⇢

0
, ⇢)

C-II-c (w1, w2, wS) = (ŵe

i�
, ŵe

i�
/

p
3, ŵS) ) (⇢

0
, ⇢, ⇢)

C-II-d (w1, w2, wS) = (ŵ1e
i�1

, ŵ2e
i�2

, 0) ) (⇢1, ⇢2, ⇢3)

C-II-PS (w1, w2, wS) = (ŵe

i�
, ŵe

�i�
, ŵS) ) (⇢1, ⇢2, ⇢3)

C-II-IN (w1, w2, wS) = (ŵe

i�
, ŵe

i�
, ŵS) ) (⇢1, ⇢2, ⇢3)

C-III (w1, w2, wS) = (ŵ1e
i�1

, ŵ2e
i�2

, ŵS) ) (⇢1, ⇢2, ⇢3)

V ! V +

1

2

⌫

2
(h

†
2h1 + h

†
1h2)

C-0: (⇢1, ⇢2, ⇢3) = x(1, e

2i⇡/3
, e

�2i⇡/3
)

x(1, e

2i⇡/3
, e

�2i⇡/3
) ) x(1, e

�2i⇡/3
, e

2i⇡/3
)

⇢2 $ ⇢3

4

Complex conjugation:

But the Lagrangian has a symmetry:

C-II-a (w1, w2, wS) = (0, ŵe

i�
, ŵS) ) (⇢, ⇢, ⇢

0
)

C-II-b (w1, w2, wS) = (ŵe

i�
,�ŵe

i�
/

p
3, ŵS) ) (⇢, ⇢

0
, ⇢)

C-II-c (w1, w2, wS) = (ŵe

i�
, ŵe

i�
/

p
3, ŵS) ) (⇢

0
, ⇢, ⇢)

C-II-d (w1, w2, wS) = (ŵ1e
i�1

, ŵ2e
i�2

, 0) ) (⇢1, ⇢2, ⇢3)

C-II-PS (w1, w2, wS) = (ŵe

i�
, ŵe

�i�
, ŵS) ) (⇢1, ⇢2, ⇢3)

C-II-IN (w1, w2, wS) = (ŵe

i�
, ŵe

i�
, ŵS) ) (⇢1, ⇢2, ⇢3)

C-III (w1, w2, wS) = (ŵ1e
i�1

, ŵ2e
i�2

, ŵS) ) (⇢1, ⇢2, ⇢3)

V ! V +

1

2

⌫

2
(h

†
2h1 + h

†
1h2)

C-0: (⇢1, ⇢2, ⇢3) = x(1, e

2i⇡/3
, e

�2i⇡/3
)

x(1, e

2i⇡/3
, e

�2i⇡/3
) ) x(1, e

�2i⇡/3
, e

2i⇡/3
)

�2 $ �3 and ⇢2 $ ⇢3

4

which will undo the complex conjugation

a11P1 + a12P2 + a13P3 + a14P4 + a15P5 = b1,

a21P1 + a22P2 + a23P3 + a24P4 + a25P5 = b2,

a31P1 + a32P2 + a33P3 + a34P4 + a35P5 = b3,

a41P1 + a42P2 + a43P3 + a44P4 + a45P5 = b4,

a51P1 + a52P2 + a53P3 + a54P4 + a55P5 = b5,

The Pi denote di↵erent parameters of the potential.

Not all of the possible

�
8
5

�
= 56 combinations will lead to five independent equations.

These five equations define five hyperplanes in the parameter space.

C-III-c

C-I-a (⇢1, ⇢2, ⇢3) = x(1, e

2i⇡/3
, e

�2i⇡/3
) ) wS = 0

C-I-a (⇢1, ⇢2, ⇢3) = x(1, e

i⌧
, e

i⌧
) ) w1 =

p
3w2

C-I-a1 (⇢1, ⇢2, ⇢3) = x(e

�i⌧
, 1, 1) ) w1 =

p
3w2

C-I-a2 (⇢1, ⇢2, ⇢3) = x(1, e

�i⌧
, 1) ) w1 = �

p
3w2

C-I-a3 (⇢1, ⇢2, ⇢3) = x(1, 1, e

�i⌧
) ) w1 = 0

C-II-a (⇢1, ⇢2, ⇢3) = ⇢̂, ⇢̂, ⇢̂

0
e

i⌧ ) w1 = 0

C-II-b (⇢1, ⇢2, ⇢3) = ⇢̂, ⇢̂

0
e

i⌧
, ⇢̂ ) w1 = �

p
3w2

C-II-c (⇢1, ⇢2, ⇢3) = ⇢̂

0
e

i⌧
, ⇢̂, ⇢̂ ) w1 =

p
3w2

C-III (⇢1, ⇢2, ⇢3) = ⇢̂1, ⇢̂2e
i⌧2
, ⇢̂3e

i⌧3 ) w1, w2, wS

2

We start with real coefficients in the potential



Two special complex vacua
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Both these vacua require 
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, ŵS) ) (⇢

1

, ⇢

2

, ⇢

3

)

(w

1

, w

2

, wS) = (ŵe
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�i�
, ŵe
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PS vacuum, for example

Table 1: Spontaneous CP violation

Vacuum �4 SCPV Vacuum �4 SCPV Vacuum �4 SCPV

C-I-a X no C-III-f,g 0 no C-IV-c X yes

C-III-a X yes C-III-h X yes C-IV-d 0 no

C-III-b 0 no C-III-i X no C-IV-e 0 no

C-III-c 0 no C-IV-a 0 no C-IV-f X yes

C-III-d,e X no C-IV-b 0 no C-V 0 no
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Several complex vacua represent spontaneous CP violation

All vacua with                 conserve CP
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Table 1: Spontaneous CP violation

Vacuum �4 SCPV Vacuum �4 SCPV Vacuum �4 SCPV

C-I-a X no C-III-f,g 0 no C-IV-c X yes

C-III-a X yes C-III-h X yes C-IV-d 0 no

C-III-b 0 no C-III-i X no C-IV-e 0 no
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Zfājk̄Zkj̄mn̄Znm̄hc̄

⇤
. (4d)

Z, Y

3

leads to an additional SO(2) symmetry
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Several complex vacua represent CP conservation

Some of these require 
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(massless states, must break SO(2) in the potential)

Splitting this equation into real and imaginary parts, we find
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1

ei�1 , ŵ
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±ŵ
2

e�i arctan(3 tan�1), ŵS yei⌧ , x, ye�i⌧

C-IV-a⇤ ŵ
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2
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Several complex vacua represent CP conservation
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1

� ŵ
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2
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3ŵ

2

ei�2 ,±ŵ
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ei�2 , ŵS xei⌧1 , yei⌧2 , z

Likewise, the condition �
4

= 0 must be supplemented by

(�
2

+ �
3

)ei(�1+�2)[ŵ2
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No spontaneous CP violation Not obvious

Several complex vacua represent CP conservation

However, in this case we have an SO(2) symmetry.
Rotate to basis with equal moduli, using SO(2)
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Overall phase rotation:
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Formal argument

CP is conserved if one can find a transformation U such that

Branco, Gerard, Grimus, 1984
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which is also a symmetry of the Lagrangian
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In this case:

which is a symmetry of the potential



Several complex vacua represent CP conservation
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C-III-f ±iŵ1, iŵ2, ŵS reiρ ± ix, reiρ ∓ ix, 32re
−iρ − 1

2re
iρ
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ŵ2eiσ1 , x, yeiτ , ye−iτ

±ŵ2e−i arctan(3 tanσ1), ŵS yeiτ , x, ye−iτ

C-IV-a∗ ŵ1eiσ1 , 0, ŵS reiρ + x,−reiρ + x, x

C-IV-b ŵ1,±iŵ2, ŵS reiρ + x,−re−iρ + x,−reiρ + re−iρ + x

C-IV-c
√
1 + 2 cos2 σ2ŵ2, reiρ + r

√
3(1 + 2 cos2 ρ) + x,

ŵ2eiσ2 , ŵS reiρ − r
√

3(1 + 2 cos2 ρ) + x,−2reiρ + x

C-IV-d∗ ŵ1eiσ1 ,±ŵ2eiσ1 , ŵS r1eiρ + x, (r2 − r1)eiρ + x,−r2eiρ + x

C-IV-e
√

− sin 2σ2
sin 2σ1

ŵ2eiσ1 , reiρ2 + reiρ1ξ + x, reiρ2 − reiρ1ξ + x,

ŵ2eiσ2 , ŵS −2reiρ2 + x

C-IV-f
√

2 + cos(σ1−2σ2)
cosσ1

ŵ2eiσ1 , reiρ1 + reiρ2ψ + x,

ŵ2eiσ2 , ŵS reiρ1 − reiρ2ψ + x,−2reiρ1 + x

C-V∗ ŵ1eiσ1 , ŵ2eiσ2 , ŵS xeiτ1 , yeiτ2 , z

Table 2. Complex vacua. Notation: ϵ = 1 and −1 for C-III-d and C-III-e, respectively; ξ =√
−3 sin 2ρ1/ sin 2ρ2, ψ =

√
[3 + 3 cos(ρ2 − 2ρ1)]/(2 cos ρ2). With the constraints of table 4 the

vacua labelled with an asterisk (∗) are in fact real.

the moduli of the two vevs are different will play an important rôle in the discussion of

spontaneous CP violation. In this particular case, due to hermiticity of the scalar potential

the only coefficient that could be chosen to be complex is λ7, however this choice would

not lead to explicit CP violation since a simultaneous rephasing of h1 and h2 would allow

to remove the phase of λ7, rendering all coefficients of the potential real. Another way of

achieving the same result would be by rephasing hS alone. Neither of these transformations

alters the specifications of the vacuum corresponding to this case.

Cases C-IV-a, C-IV-d and C-V are listed in table 2 for completeness and to allow for

an enlightening discussion. Once one takes into consideration the constraints given in table

4 they become real.
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More complicated to show CP conservation



Several complex vacua represent CP conservation

Less obvious explanation:

With            there is an SO(2) symmetry within 

✓
h1

h2

◆
=

 
1p
2
(�1 � �2)

1p
6
(�1 + �2 � 2�3)

!

hS =

1p
3

(�1 + �2 + �3)

hi =

✓
h+
i

(wi + ⌘̃i + i�̃i)/
p
2

◆
, i = 1, 2, hS =

✓
h+
S

(wS + ⌘̃S + i�̃S)/
p
2

◆

V2 = µ2
0h

†
ShS + µ2

1(h
†
1h1 + h†

2h2)

V4 = �1(h
†
1h1 + h†

2h2)
2
+ �2(h

†
1h2 � h†

2h1)
2
+ �3[(h

†
1h1 � h†

2h2)
2
+ (h†

1h2 + h†
2h1)

2
]

+ �4[(h
†
Sh1)(h

†
1h2 + h†

2h1) + (h†
Sh2)(h

†
1h1 � h†

2h2) + h.c.] + �5(h
†
ShS)(h

†
1h1 + h†

2h2)

+ �6[(h
†
Sh1)(h

†
1hS) + (h†

Sh2)(h
†
2hS)] + �7[(h

†
Sh1)(h

†
Sh1) + (h†

Sh2)(h
†
Sh2) + h.c.]

+ �8(h
†
ShS)

2

h1 ! �h1

h2 ! �h2

✓
�̃1

�̃2

◆
=

1p
2

✓
i 1

�i 1

◆✓
h1

h2

◆

�̃1 $ �̃2

�4 = 0

✓
h0
1

h0
2

◆
=

✓
cos ✓ � sin ✓
sin ✓ cos ✓

◆✓
h1

h2

◆

2

Symmetry under permutation of 3 objects

�1, �2, �3

⇢1, ⇢2, ⇢3

h1, h2, hS

w1, w2, wS

(w1, w2, wS) ⌘ (ŵ1e
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1ŵ2 + �1ŵ2(ŵ
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ŵS[ŵ
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2
S + �7ŵ2ŵ
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2
1 cos(2�1 � �2) + (2ŵ2
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3
S,✓

@V

@�1

◆
= �(�2 + �3)ŵ
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ŵ2ŵS[ŵ
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2
2ŵ
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These derivatives do not depend on �5 and �6 separately, only on the sum, �5 + �6.

Likewise, no dependence on �1, �2 and �3 separately, only on two combinations orthogonal

to �1 + �2 � 2�3 = 0.

Exploit this to transform such that vevs get same modulus

By invoking relation between moduli of vevs of doublet, 
get equal and opposite phases:

Table 1: Spontaneous CP violation

Vacuum �4 SCPV Vacuum �4 SCPV Vacuum �4 SCPV

C-I-a X no C-III-f,g 0 no C-IV-c X yes

C-III-a X yes C-III-h X yes C-IV-d 0 no

C-III-b 0 no C-III-i X no C-IV-e 0 no

C-III-c 0 no C-IV-a 0 no C-IV-f X yes

C-III-d,e X no C-IV-b 0 no C-V 0 no

C-I-a

h2 $ �h2

�2 $ �3

h1 $ �h1

ej HjZZ, HjHjZ

qj HjH
+H�

(w1, w2, wS) = (v, 0, 0) (4)

Uijh0|�j|0i⇤ = h0|�i|0i, (5)

(ŵ1e
i�1 , ŵ2e

i�2 , wS) ! (aei�, ae�i�, wS) (6)

3

As a result

Table 1: Spontaneous CP violation

Vacuum �4 SCPV Vacuum �4 SCPV Vacuum �4 SCPV

C-I-a X no C-III-f,g 0 no C-IV-c X yes

C-III-a X yes C-III-h X yes C-IV-d 0 no

C-III-b 0 no C-III-i X no C-IV-e 0 no

C-III-c 0 no C-IV-a 0 no C-IV-f X yes

C-III-d,e X no C-IV-b 0 no C-V 0 no

C-I-a

h2 $ �h2

�2 $ �3

h1 $ �h1

ej HjZZ, HjHjZ

qj HjH
+H�

(w1, w2, wS) = (v, 0, 0) (4)

Uijh0|�j|0i⇤ = h0|�i|0i, (5)

(ŵ1e
i�1 , ŵ2e

i�2 , wS) ! (aei�, ae�i�, wS) (6)

3

is satisfied, like in case C-III-c  
 No CP violation! 



Summary
• We start with an S3-symmetric potential with 

real coefficients

• We list all possible vacua and their constraints

• Vacua with additional SO(2) symmetry do not 
violate CP spontaneously

• There are solutions that violate CP 
spontaneously

• There are solutions with potential Dark 
Matter candidates

• Flavour sector potentially very rich


